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 In this paper, an improved small-angle sensor based on total-internal reflection (TIR) 
and surface plasmon resonance (SPR) in heterodyne interferometry (HI) is proposed.  
The improved small-angle sensor is designed as a reflective elongated prism made of 
BK7 glass.  The shorter-side surface of the reflective elongated prism was coated with a 2 
nm Ti film and a 45.5 nm Au film, but the longer-side surface was not coated with metal 
films.  With the new small-angle sensor, a small rotation angle can be obtained simply 
by measuring the phase difference between the p-and s-polarization lights owing to the 
effects of multiple attenuated total reflections (ATRs) and TIRs.  Its angular resolution 
can reach 2.95×10−7 rad at least.  Moreover, the improved small-angle sensor is very 
stable because its common optical path is insensitive to environmental disturbances.  
The improved small-angle sensor has some advantages, such as high resolution, high 
sensitivity, stability, and real-time testing.

1.	 Introduction

 Owing to the importance of the small-angle measurement and the application of 
quaternion in rotation, there have been many articles(1–7) about them over the past 
few decades.  Chiu and coworkers(1,2) have presented some improved techniques 
of small-angle measurement by modifying the optical systems proposed by Huang 
and coworkers.(3,4)  They tried to improve the resolution of such systems using two 
parallelogram prisms as the small-angle-sensing unit instead of two right-angle prisms.  
The angular resolution of the system proposed by Chiu and coworkers was better than 
2.2×10−6 rad.  Previously, Wang and coworkers proposed some methods of small-
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angle measurement based on the surface plasmon resonance (SPR) technology and 
heterodyne interferometry (HI).(5,6)  Although the resolutions of some of these reported 
systems are high, the signals measured by these systems are very weak around the 
resonant angle owing to the attenuated total reflection (ATR) effect.  Moreover, the plots 
of resolution versus the rotation angle obtained by the above-mentioned methods are 
obviously nonlinear, and the methods could not reach a wide measurement range and 
high resolution simultaneously.  In this paper, the initial incident angle of the small-
angle-sensing unit is not equal to the resonant angle.  Thus, the measured signal will not 
be weakened by the ATR effect.  Note that the sensor can reach a high resolution owing 
to multiple ATR and total-internal reflection (TIR) effects.  It is for this reason that we 
propose the improved small-angle sensor in this paper to improve the linearity of the 
phase variation versus the small rotation angle.
 The improved small-angle sensor is designed as a reflective elongated prism(7) that is 
based on the method previously reported by Wang and coworkers.  With the improved 
small-angle sensor, the small rotation angle can be obtained only by measuring the 
phase difference between the p-and s-polarization lights due to the ATR and TIR effects.  
The angular resolution of the improved sensor is better than 2.95×10−7 rad over the 
measurement range of −0.05° ≤ ∆θ ≤ 0.05°, where ∆θ is the rotation angle.  Moreover, its 
feasibility has been demonstrated.

2.	 Principles

 As heterodyne light(2) is transmitted from a dense medium (n1) through a sparse 
medium (n2), the refractive light will deviate from the normal line when the incident 
angle increases gradually.  When the incident angle reaches the critical angle θc, the 
refractive light is transmitted along the boundary of the medium.  As shown in Fig. 
1, the TIR effect will occur if a heterodyne light is incident on the interface between 
medium 1 and medium 2 at the incident angle θi, θi > θc, where θc = tan−1(n1/n2) and 
n1 > n2.  According to Fresnel’s equations,(2) the phase difference φ1 between s- and 
p-polarizations is given as(8,9)
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where φs and φp are the phases of s- and p-polarization components, respectively. 
 For the four-layer Kretchmann’s configuration(10) (BK7 glass prism-Ti-Au-air) shown 
in Fig. 2, surface plasmons are excited when α equals the resonant angle αsp.  From 
Maxwell’s equations, the reflectivities of p- and s-polarizations can be expressed as(8) 
rp

1234 = |rp
1234 |eiφp  and rs

1234 = |rs
1234 |eiφs , respectively.  We can obtain the phase difference 

variation φ2 between s- and p-polarization components as φ2 = φs − φp.  Moreover, the 
reflectivities of p- and s-polarization components are Rp = |rp

1234 |2  and Rs = |rs
1234 |2 , 

respectively.
 In this paper, the parameters of the four-layer device (BK7 glass prism-Ti-Au-air) are 
a Ti film thickness d2 of 2 nm, a Au film thickness d3 of 45.5 nm, and a wavelength λ of 
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632.8 nm.  Figure 3 shows the plot of the reflectivity of p-polarization light versus the 
incident angle α in the range of 40° ≤ α ≤ 45°.  It is evident from Fig. 3 that reflectivity 
varies evidently around the resonant angle αsp (αsp ≈ 43.85°).
 In this article, a refractive elongated prism is proposed as the new small-angle 
sensing unit (Fig. 4).  First, the refractive elongated prism is mounted on a rotation stage.  
When a laser light enters into the elongated prism, it will undergo multiple total-internal 
reflections and attenuated total reflections.
 In order to obtain the output signal of the sensor, we choose θ = θ0 = −2.2723° as 
the initial angle at the hypotenuse of the elongated prism.  At this moment, the light is 
incident on the two side surfaces of the reflective elongated prism at θ1 = θ10 = 43.5°.  As 
we rotate the rotation stage at an angle , the incident angle θ1 is equal to θ10 + Δθ1; we can 
obtain

 θ = θ10 + Δθ1 = 45° + θ', (2)

 1 × sin(θi) = n × sin(θ'), (3)

 l = h × tan(45° + θ'), (4)

 m1 ≤ (L/l) < (m1 + 1), (5)

 m2 ≤ (D/l) < (m2 + 1), (6)

where l is the reflection distances between two adjacent points along the z-axis, n is the 
refractive index of the elongated prism, L is the length of the longer side of the elongated 
prism, m1 is the TIR times, and m2 is the ATR times.  The parameters of the sensor are 
D = 100 mm, L = 110 mm, and h = 10 mm.  From eqs. (2)–(6), the heterodyne light 
will undergo 11 ATR times on the shorter-side surface of the elongated prism and 12 
TIR times on the longer-side of that.  In addition, there is one TIR time on the end-side 
surface of the elongated prism. 
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Fig. 1 (left).  TIR effect.
Fig. 2 (right).  Four-layer Kretchmann’s configuration.
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 As the rotation stage rotates at a small angle ∆θ, we can obtain the phase difference φ 
between s- and p-polarization components, and φ is given by

 φ1 = m1φ1 + m2φ2 + φ3, (7)

where m1 = 12, m2 = 11, and φ3 is the phase difference due to the TIR effect on the end-
side surfaces of the elongated prism.

3.	 Experiment	and	Results

 The experimental setup of the system is shown in Fig. 5.  In the experimental 
configuration, the new small-angle sensor is mounted on a precision rotary stage with 
a resolution of 0.0002°, and a heterodyne optical source with 2 kHz beat frequency is 
used.  The heterodyne optical source(2) is composed of a He–Ne laser, a polarizer, and 
an electro-optical modulator (E-O modulator).  As the heterodyne light passes through a 
half-wave plate and is incident on a beamsplitter (BS), the reflected light passes through 
the analyzer ANr and enters the photodetector PDr.  The signal measured by PDr is the 
reference signal.  The transmitted light from the BS enters the improved small-angle 
sensor and undergoes ATRs and TIRs.  Then the light reflects back from the end surface 
of the elongated prism.  Finally, the light propagates out of the sensor and passes through 
the analyzer ANt.  We can obtain the test signal using the photodetector PDt.  These two 
signals are sent to a lock-in amplifier (LIA; SR830, manufactured by Stanford Research 
Systems, Sunnyvale, California) with the resolution ∆Φ of 0.01°.  Thus, we can obtain 
the phase difference due to the ATR and TIR effects.  After some numerical computations 
using a computer, a small rotation angle can be measured.
 Figure 6 shows the experimental curve of the phase difference versus the rotating 
angle ∆θ of the rotation stage.  It is evident that only evaluating the phase difference 
variation is necessary for small-angle measurement.  Moreover, the experimental results 
and theoretical curve show good agreement.
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Fig. 3 (left).  Reflectivity of p-polarization light vs α.
Fig. 4 (right).  Small-angle sensing unit.
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4.	 Discussions

 In this study, a small rotation angle (∆θ) can be obtained simply by measuring the 
phase difference variation using a heterodyne interferometer.  First, let us discuss the 
resolution of the new small-angle sensor.  The resolution R of the system is defined as

 R dθ
dφ

Φ∆= , (8)

where dφ is the variation of the phase difference, ∆Φ is the resolution of the lock-
in amplifier, and dθ is the small-angle change made by the rotation of the rotary 
stage.  As shown in Fig. 7, the resolution of the sensor will reach 2.95×10−7 rad over 
the measurement range of −0.05° ≤ ∆θ ≤ 0.05°.  It is evident that the phase difference 
variation is almost proportional to the small rotation angle.  Moreover, the experimental 
results and theoretical curve show good agreement.  In addition, the experimental phase 
error (%) versus the displacement ∆z in Fig. 8 shows that the phase error is less than 2% 
in the measurement range of −0.05° ≤ ∆θ ≤ 0.05°.

5.	 Conclusions

 In the paper, an improved small-angle sensor based on TIR and SPR in HI is 
presented.  With the small-angle sensor, a small rotation angle (∆θ) can be detected 
simply by evaluating the phase difference variation (∆θ) between s- and p- polarizations 
due to the multiple TIRs and ATRs.  From the experimental results, we observe that the 
phase difference variations are almost proportional to ∆θ.  In addition, the improved 
small-angle sensor is very stable because of its common optical path insensitive to 
environmental disturbances.  Moreover, the improved small-angle sensor has some 
merits, e.g., a simple optical setup, easy operation, high measurement accuracy, high 
resolution, rapid measurement, and high stability.  We can design a nanometer-scale 
small-displacement sensor(8) using the improved small-angle sensor in the future.

Fig. 5 (left).  Experimental setup.
Fig. 6 (right).  Experimental and simulation results.
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Fig. 7 (left).  Resolution vs ∆θ.
Fig. 8 (right).  Relative phase error (%) vs ∆θ.


