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Design of microsystems in a circuit simulation environment requires an equivalent 
circuit representation that not only accommodates mixed signals from very different 
energy domains but also their strong coupling, which in many cases can turn out to be 
highly nonlinear. Here, the most important step for expedient yet accurate system-level 
simulations lies in the description of underlying coupling elements and associated vari
ables in terms of compact equivalent circuits. In this paper, we present a technique to 
describe coupling behavior using dependent passive elements which is very effective in 
synthesis of simple and compact equivalent circuits for simulation of electromechanical 
and electrothermal microsystems. A detailed description of the circuit synthesis procedure 
is given along with thr�, _SPICE simulation examples comprising an electrothermal 
resistor, electrostatically actuated parallel plate capacitor and torsional microl1lirror. In the 
last two examples, we examine device operation from the viewpoint of constant voltage 
and constant charge operation modes, and their effect on electrostatic pull-in. 

1. Introduction

The design of successful microsystems relies on effectively accommodating the inter
action of mixed-signal types at the component- and system-level in a self-consistent 
manner. Here, the coupling of mixed signals often manifests itself in some elements whose 
values are dependent on the signals within their energy domain or from other energy 
domains. These elements are called coupling elements; in bond graph terminology,C1J these 
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are referred to as multiport elements. Description of coupling elements and associated 
variables in terms of an equivalent circuit is an important step in the circuit representation 
of the entire microsystem. The motivation underlying equivalent circuit approaches for 
microsystem design stems from the need to account for interactions between the 
microtransducer and co-integrated support circuitry; the latter is necessary for improved 
accuracy, reliability, and functionality of the microsystem. Additionally, this opens new 
prospects for use of powerful circuit simulators (e.g., SPICEC2l) for low-cost system-level 
design verification, design optimization, and sensitivity analysis. The difficulty here lies in 
accommodating simplicity, comprehensibility, insight, and effectiveness in handling non
linear coupling. 

This paper, which constitutes a comprehensive version of a previous note,(3) details the 
equivalent circuit synthesis procedure to handle coupling elements in electrothermal and 
electromechanical microsystems using dependent passive circuit elements. Section 2 
briefly describes the various approaches that have been employed for simulation of mixed
signal microsystems. In section 3, we describe our synthesis approach, which is based on 
use of q11ltivariate polynomial dependent sources. Section 4 illustrates a SPICE simula
tion example of an electro-thermal resistor, and sections 5 and 6 describe the circuit 
modeling and simulation of two electrostatically actuated microsystems: a vertically 
actuated parallel-plate capacitor and the torsional micromirror. Here we introduce the 
notion of constant charge operation and investigate electrostatic pull-in behavior from the 
viewpoint of constant voltage and constant charge operation modes. 

2. Simulation Approaches

Important goals in circuit synthesis for mixed-signal systems are that the equivalent 
circuit be simple, compatible with standard circuit simulators, comprehensible for gaining 
preliminary insight into system behavior under different geometric and operating condi
tions, and effective in handling nonlinear coupling. The simpler the circuit, the better it is 
in terms of realization, verification, and understanding. The model equations governing 
coupling may have several different equivalent forms, and one form may lead to better 
circuit realization than the others. Thus, choosing the appropriate form is crucial particu
larly from the standpoint of handling nonlinear coupling. There are several approaches for 
simulation of mixed-signal microsystems; each varies in terms of the degree of simplicity 
and effectiveness. 

• Small signal model:C4l For small deviations from some equilibrium point, the nonlin
ear dependence may be linearized. However, this restricts simulation of system behavior to 
a narrow range of parameter values. 

• Decoupling:C5l Each signal is treated in its native energy domain, and the coupling is
realized via exchange of their values. The disadvantage here lies in the large number of 
netlist regenerations and simulation runs. The latter can tum out to be exorbitant particu
larly for tightly coupled problems, where iterations may converge very slowly or even 
diverge. 

• Analog computer techniques: C5.7l Here, the governing differential equations are solved
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using basic computing elements (circuits) such as integrators, adders and multipliers. The 
main problem with this approach is that the circuit obtained may be complex and may 
contain an excessive number of circuit elements, providing only limited insight into system 
behavior. For example, solution of a second-order linear differential equation requires two 
integrators. However, in most cases, an RLC circuit suffices. More importantly, the roles 
of R, L, and C in the circuit give valuable information about system behavior. 

• Dependent passive elements:<3l Since the nonlinear coupling manifests itself in
coupling elements, equivalent circuits for these elements can be synthesized through use of 
multivariate polynomial dependent sources that accurately describe the interaction of the 
mixed signal and associated non-linearity. This is the approach that we adopt for 
simulation of mixed-signal systems. The background for this approach stems from the 
theory of bond graphs. Here, the various types of coupling elements can be described in 
terms of dependent passive elements such as dependent resistors (R), capacitors (C), and 
inductors (L). The method for synthesis of equivalent circuits for dependent passive 
elements is described in the following section. 

3. Circuit Synthesis for Coupling Elements

In many mixed-signal systems, passive elements such as R, C and L may be dependent 
on some variable (signal) x. These passive elements serve as a source of coupling. Some 
circuit simulators do not support dynamically varying values of passive elements during 
the course of simulation. To deal with this problem, we need to express the dependence in 
another form. Fortunately, multivariate polynomial dependent sources have become a 
standard feature in state-of-the-art SPICE-like simulators. The trick here is to use 
dependent sources instead. To facilitate discussion, let us denote a dependent passive 
element by PE { R, C, L}. Its value P(x) is dependent on some signal x such as temperature 
or displacement. We obtain an approximate or exact, if possible, polynomial form for 

. 1 
either P(x) or -

P(x) 

P(x) = P
0
[l + fix)] 

1 1 
- - = -[1 + g(x)],
P(x) P

0 

(1) 

(2) 

where f(x) and g(x) are some polynomials of the external signal x. Note that with the above 

forms, either P(x) or -
1
-. can be decomposed into two components, one of which is 

P(x) 

independent of x while the other can be realized using a polynomial dependent source. 
Either of the polynomial forms in eqs. (1) or (2) will suffice in describing the coupling 
element. 
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3.1 The dependent resistor 
In this case, Pin eqs. (1) and (2) denotes a resistor, R = R(x).

• With the polynomial form in eq. (1), by choosing the constitutive relation V = iR, we
have V = iR

0
[1 + f(x)] = iR

0 
+ iRJ(x). We put an independent resistor R

a 
in serial 

connection. Let V
0 
denote the voltage across the resistor R

0• We have V = V
a
+ V fix). The 

dependence of R on x can now be described by an independent resistor R0 
and a dependent 

voltage-controlled voltage source (VCVS) V ,f(x) (see Fig. l(a)). 
• With polynomial form in eq. (2), by choosing the constitutive relation i = V, we have

R V[l + g(x )] . Here, i is the current through the resistor R(x), and Vis the voltage across
Ra 

it. This current can also be viewed as the current through the resistor R
0

, the voltage across 
which is V[l + g(x)]. This suggests a method to realizeR(xJ using a dependent source. We 
put into a serial connection an independent resistor R0 and a VCVS of value -VJ( x) ( see Fig. 
l(b )). Note the minus sign for the VCVS. The voltage across the independent resistor Ra 

is V- (-Vg(x)) = V[l + g(x)], as expected. The dependence of Ron x in this case can also 
be described by an independent resistor (i.e., R

a
) and a VCVS (i.e., -Vg(x)).

Note that from the constitutive relation i = V = �[1 + g(x)] = � + � g(x), the cur-
R Ra Ra Ra

rent i can also be viewed as the sum of two currents � and � g( x) . This suggests an 
Ra Ra 

alternative way to realize R(x). We put in parallel connection the independent resistor R
0

• 

Let i
a 

denote the current through the resistor R0• We have i = i
a 

+ i
0
g(x). The dependence 

of Ron x can now be described by a dependent current-controlled current source (CCCS) 
of value i

0
g(x) and an independent resistor R

a 
(see Fig. l(c)). In some circuit simulators, the 

controlling current in a CCCS must be the current through a voltage source; in this case, we 

may re-express the relation as ia =�and i = i
0 

+� g(x); and the CCCS now becomes
Ro Ro 

a voltage-controlled current source (VCCS). 
Figures l(a) and l(b) show circuit realization of a dependent resistor. The choice of 

constitutive relation V = </J(i) or i = <r1(V) (where </> is some function), in this case, is 
determined by the availability of the polynomial forms (1) or (2). An example of the 
dependent resistor as a coupling element is the electro-thermal resistor, which is common 
to most devices in the thermal microtransducer family. Model equations, circuit synthesis 
using the above method, and SPICE simulation of the electro-thermal resistor are presented 
in section 4 and Appendix A. 

3.2 The dependent capacitor 

In this case, Pis a capacitor C = C( x ). Here, we replace i by q and R0 
by -1- (V = iR H 

1 
G 

V= q-. 
C 

• With the polynomial form in eq. (1), by choosing the constitutive relation q = CV=
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Vo--

V R(x) > 

(a) R(x) = R0[l + f(x)]

Vo--

> 
V R(x) 

I 

(b) R(x) = JJl + g(x)]

I 
> 

V R(x) V 
Ro 

I 

(c) R(x) = l[l + g(x)]

Fig. 1. Transformation of the coupling resistor to a dependent source. 
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C
0[l + f(x)]V, we can view q as the charge on the plate of the capacitor C0

, the voltage

across which is V[l + f(x)]. This is similar to the case of the dependent resistor described 
by the polynomial form in eq. (2). A realization of C(x) is shown in Fig. 2(a). The circuit 
here is similar to that shown in Fig. 1 (b ). Note that although q can be expressed as q = C0 

V 
+ C0 Vf(x) = q

0 + qJ(x), where q0 = Ca V, the circuit for C(x) can tum out to be complex. The 

current i through C is i = q = q0 + q0f(x) + q0j(x), which needs three currents in 
parallel connection: a current i

0 
through the independent capacitor C0, a CCCS of value 

iJ(x), and a VCVS of value C0Vj(x). Obviously, such a realization is inferior to the 

realization shown in Fig. 2(a). 
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t 
V C(x) -> V*f(x) 

(a) C(x) = C0[l + f(x)]

Vo --

-------'q I ,___ 
Co 

V C(x) > V Vo*g(x) 

I 

(b) C(x) 
= JJl+g(x)] 

· Fig. 2. Transformation of the coupling capacitor to a dependent source.

• With the polynomial form in eq. (2), by choosing the constitutive relation V = !l, we
C 

obtain V = __q_[l + g(x)] = V
0 

+ V
0
g(x), where V

0 
= __q_. The voltage Vacross the depen-

Co Co 

dent capacitor C can be viewed as the sum of two voltages: the voltage V
0 

of the 

independent C
0 

and the VCVS of value V
0
g(x). A realization of C(x) in this case is shown 

in Fig. 2(b ). The circuit has a structure similar to that shown in Fig. l(a). 
Again, as with the dependent resistor, the choice of constitutive relation q = </>(V) or V = 

<1> -1(q) is determined by the availability of the polynomial forms in eqs. (1) or (2). 
We now have a method to synthesize equivalent. circuits for dependent passive ele

ments whose value can be described either by forms in eqs. (1) or (2). The question arises 
as to which form should be used. The answer to the question depends on the nature of P(x);

as a rule of thumb, if the value of P(x) can become infinitely large, then the form -
1
- is

P(x ) 
preferred. 

In some circuit simulators, passive elements can be described as a function of nodal 
voltages. This feature provides another means for describing coupling and circuit synthe
sis. One may then argue about the merit of the above method of describing dependent 
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passive elements in terms of VCVSs. However, as it will be shown later, the method has 
some advantages. First, not all circuit simulators can describe passive elements as 
functions of nodal voltages. Second, with the above equivalent circuits, we can obtain, 

without any extra cost, the current i through the dependent resistor, which is V0 (Figs. 1 ( a) 
Ro 

and l(b)) or the charge q on the dependent capacitor, which is C
0V

0 
(Figs. 2(a) and 2(b)). 

Otherwise, we may need extra circuits to compute these values; indeed, such a saving can 
become significant when dealing with synthesis of equivalent circuits for distributed
parameter modeling. 

To illustrate the above method of circuit realization for dependent passive elements, we 
present three examples. The first example (section 4) deals with the electrothermal 
resistor. The second example (seclion 5) deals with a vertically actuated parallel-plate 
capacitor, and the third example (section 6) deals with a torsional rnicromirror, which is 
used in light modulation for imaging applications.<8-9) 

4. Electrothermal Resistor

An electro-thermal resistor can be viewed as (i) an electrical element with electrical 
resistance R, which provides Joule heat P = Vi= i2R and (ii) a thermal object with thermal 
resistance R1h, which accounts for heat exchange with the environment of temperature T� 
and with thermal capacitance C for storage of heat energy. A current through an electro
thermal resistor generates Joule heat; the latter is a function of the electrical resistance R.

This in tum heats the resistor, thus changing its electrical resistance. This clearly illustrates 
the nature of the coupling between the electrical and thermal domains. 

4.1 Model equations 

For temperature variations that are not too large, the electrical resistance R can be 
modeled in terms of its temperahfre coefficient a: 

R(T) = R
a[l + aT]. (3) 

Assume that the resistor is isothermal and that heat convection can be described using a 
heat transfer coefficient h. Then the model equations for the electrothermal system read: 

V = iR
0
[l + o:1] electrical domain

Vi = C �: + h[T - T �] thermal domain. 

(4) 

(5) 

Here, Vis the voltage across the resistor and i is the current through it. Equation (5) states 
that the supplied electrical power Vi is partly channeled to the heat capacitor ( C) for heat 
energy storage and is partly channeled to the thermal resistor (R,h = 1/h) for heat exchange 
with the environment. 
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4.2 Circuit synthesis 

The temperature dependence of the electrical resistor R(T) (eq. (3)) is of the exact 
polynomial form given in eq: (1), wheref(x) = f(T) = al'. Therefore, the dependent resistor 
R(T) can be realized using the circuit structure in Fig. 1 (a). Let V12, instead of V0, denote the 
voltage across the resistor R

0 
placed into a serial connection. Here, the subscripts (1, 2) 

denote the nodes in the circuit. The current i through the resistor R(T) is identical to the 
current through the independent resistor R0 • Therefore, 

The Joule heat Vi is: 

. V12 t=-.

Ro 

Vi= W12 

Ro 
, 

(6) 

(7) 

which can be realized using a bivariate polynomial vo:;s_ of value v;:12 
• The model

equation for the entire system can now be expressed as: 0 

(8) 

(9) 

Figure 3 shows the resulting equivalent circuit for the electrothermal system. Here, the 
temperature Tis given by the voltage V3• Figure 4 shows the SPICE simulation of 
temperature T as a function of the input voltage V. The SPICE code for the above
simulation is presented in Appendix A.

V 
+ 

Ro 

2 3 V3=T 

C 

V2=V12*a *T I = Vl *Vl2/Ro 

Fig. 3. Equivalent circuit for electrotbermal system. 

1/h 
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Fig. 4. SPICE simulation of temperature as a function of applied voltage in electrothermal system. 

5. Vertically Actuated Parallel-Plate Capacitor

Figure 5 shows a vertically actuated parallel-plate capacitor constrained by a spring
with a spring coefficient k. The friction is modeled as a damper b. Here, F denotes the 
electrostatic force acting on the movi{lg plate, x the plate vertical displacement, q the 
charge on the plate, and V the voltage across the capacitor. When a voltage Vis applied 
across the plate, a charge q is induced, creating an electrostatic force causing a displace
ment x, which in tum changes the capacitance. Hence, the capacitor can be considered as 
a coupling element. In bond graph terminology, it is a two-port C-field. In modeling the 
electromechanical system, a constitutive relationship between the variables F, x, V, and q is 
found by expressing C in terms of x and F in terms of V and x.

5.1 Model equations 
The equations for electrical and mechanical operation are: 

VP
= Vin - iR (i = q) 

F = rn:x + bx + kx. 

(10) 

(11)



444 Sensors and Materials, Vol. 10, No. 7 (1998) 

R 

m 

d-x F,x 

Fig. 5. Vertically actuated parallel-plate capacitor. Here, Vin
= external voltage, R = resistor, V

P
= 

voltage across capacitor plates, d = initial gap, m = moving-plate mass, k = spring constant, b =

damper, x = plate vertical displacement, q = charge on the moving plate, and F = electrostatic force. 

For the capacitance C, we employ 

EA 
C=-

d-x 
(12) 

(13) 

where C0 
is the initial capacitance (whenx = 0), d the initial gap between the two plates, and 

Ethe permittivity of the dielectric between the plate, which is assumed to be air. 
For the force F, we employ

F= EA vz. 2(d-x)2 P 

The entire system can be modeled using eqs. (10), (11), (12) and (14). 

5.2 Difficulties 

(14) 

A difficulty arises due to the nonlinear dependence of eqs. (12) and (14). Using this 
form of capacitance might require Taylor expansion,ctoJ small signal approximation,<4l or a
time-varying capacitor mode1,on since 

1
. 

1· EA 1m C = 1m-- = oo,
x->d x->d d - X 

(15)
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which implies that when the displacement x approaches d, the capacitance C becomes 
infinitely large. To deal with this problem, we explore an alternative form of the 
constitutive relation: 

(16) 

which is of the form in eq. (2), in which g(x) = -x. It is noted that although C given by eq. 
d 
1 

(12) does not have an exact polynomial form, - does, allowing use of the multivariate
C 

polynomial dependent source described in section 3. Furthermore, by replacing Vin eq. 
(14) with q = VC, we can express the force Fin terms of charge in a simpler form:

(17) 

Once q is known, this form is more suitable for the circuit synthesis of F.

5.3 Circuit synthesis 

From eq. (16), C can be realized using the circuit structure in Fig. 2(a). Let V23, instead 
of V0, denote the voltage across the capacitor C0 placed into a serial connection. As 
mentioned earlier, the charge q = J idt on the capacitor C is also the charge q on the 
capacitor C0: 

(18) 

The voltage V
P 

across the dependent capacitor and the force F (eq. (17)) can be 
expressed as: 

F= Co vz
2d 23' 

(19) 

(20) 

Thanks to the capacitor C
0

, we have also managed to eliminate the need to integrate iJ.. In 
fact, q is eliminated and replaced by Ca V23 (eq. (18)). Equation (20) suggests the realization 

of the force F using a polynomial VCVS of value Co V}
3

• Our next step is to obtain x
2d 

without using an integrator. Employing the analogy described in Table 1, we can realize 
eq. (11) using a VCVS and a serial RLC circuit in which kx is the voltage across the 

capacitor, whose capacitance is _!_. This voltage can be denoted by V6 • We obtain x = V 6
k k 

and eq. (19)-becomes 
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(21) 

The expression in eq. (20) for Fis better suited for SPICE simulation than that in eq. 
(14). The model equation for the entire electromechanical system is now (10), (11), (20) 
and (21). Figure 6 shows the equivalent circuit for the vertically-actuated parallel plate 
capacitor. Here, Fis given by the voltage ¼ and V

P 
by the voltage V2• 

5.4 Electrostatic pull-in and constant charge operation 

One of the problems related to the operation of a vertically actuated parallel-plate 
capacitor is electrostatic pull-in. At a given voltage, the electrostatic force increases 
proportionally to the charge on the plate, which, in turn, is proportional to the capacitance. 
The capacitance can become infinitely large when the moving plate approaches the fixed 
plate (eq. (15)). In contrast, the reactive spring force is kx, the maximum value of which is 
only kd. As a result, pull-in occurs when the gap approaches d. Quantitatively, pull-in 

occurs when x :2'. x
e 

= !!:._, <12J which holds true regardless of the value of spring constant k.

Here, Xe is the critical gap distance for pull-in and the voltage Ve associated with bringing 

Table 1 
Analogy between the electrical and (translational) mechanical domains. 

Electrical 

Voltage V 

Charge q 

Current i 

di 

dt 

R 

Translational mechanics 

Force F

Displacement x 

Velocity .x

Acceleration x 

m 

F= V 4=Co/(2d)*V23A2 

Fig. 6. Equivalent circuit for the vertically actuated parallel-plate capacitor in Fig. 5. 
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the plate to Xe is called the critical collapse voltage. There are several approaches to deal 
with the problem of electrostatic pull-in. The simplest way is to avoid displacements larger 
than Xe. Alternatively, the fixed plate can be covered with an insulator to act as a landing 
base; here, pull-in still occurs, but this time on the landing base rather than on the fixed 
plate. From a simulation standpoint, pull-in may cause divergence, bringing the simulation 
to an abrupt stop. What if we wish to have a full control of plate movement? Let's take 
another look at eq. (17). Suppose that we can keep a constant charge q = q

0 
on the plate. 

We call this constant charge operation, as opposed to the traditional constant voltage 
operation, in which constant voltage is always applied across that capacitor. The former 
operation mode gives rise to an electrostatic force that is constant, independent of x, thus 
delaying or even eliminating the onset of electrostatic pull-in. Without going into the 
details of constant charge operation, the simplest method is to charge the plate quickly to q0 

and then cut the connection. The charging process, however, should be much faster than 
the mechanical response. In a circuit simulation, a constant charge on the plate can be 
simulated by using a constant voltage source across the capacitor C

0 
of Fig. 6 (eq. (18)). 

Here, the displacement x can assume any value from O to d. To obtain larger x, we need a 

larger charge q
0 or a larger initial voltage V

0 
= !b.... Taking advantage of the behavior of C

co 

in eq. (15), and using a clever pulse sequencing scheme, we can obtain sufficiently large 
charge using a much smaller voltage. 

Figure 7 shows displacement as a function of plate voltage for constant charge and 
constant voltage operation modes obtained from SPICE de-simulation using the equivalent 
circuit in Fig. 6. The data for plate geometry and spring constant is taken from ref. 12. For 

1 
constant voltage operation, divergence occurs when x approaches Xe = - d, which is in 

3 
very good agreement with the graph shown in ref. 12. For constant charge, the plate can 
have any displacement between O and d, and divergence occurs only when x approaches d.

The SPICE-code for the simulation is presented in Appendices B and C. 

6. Torsional Electrostatic Micromirror

Figure 8 shows a torsional electrostatic mirror which consists of a rotating plate RP, two 
fixed electrode plates EP 1 and EP2, and two landing plates LP1 and LP2• The rotating plate 

RP has length 2l
0

, rotates about the pivot point O in the center, and is grounded. The fixed 

electrode plates EP, and EP2 have length l, with l < .!.1
0

• When one of the electrodes is 
2 

biased, the RP rotates under the influence of the electrostatic force. If the bias voltage is 
large enough, electrostatic pull-in occurs and the RP contacts the closest LP. 

In many aspects, modeling the torsional mirror is similar to the vertically actuated 
parallel plate capacitor except that we have rotational instead of translational movement 
(see Table 2). The difference, however, is that an expression for the capacitance is not 
readily availaple. In what follows, we develop model equations for capacitance C and 
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Fig. 7. SPICE simulation of displacement as a function of applied voltage: constant voltage (solid 
curve) vs constant charge (dashed curve) operation modes. 
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Fig. 8. Schematic of torsional micromirror. Here, d = initial gap, 2l
0 

= rotating mirror length, l =

fixed electrode length, and a = angle of rotation. 

Table 2 

Dual pairs: translational mechanics vs rotational mechanics. 

Translational mechanics 

ForceF 

Displacement x 

Massm 

Spring constant k 

Damperb 

Rotational mechanics 

Torque -z: 

Relation angle a 
Moment of inertia / 

Torsion constant ,c 

Damperb 
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torque rusing both analytical approximation and numerical simulation with the boundary
element method (the latter for verification), and we investigate the electrostatic pull-in
under constant charge and constant voltage operation modes.

6. l Capacitance and torque 
There are three main mutual capacitors, Cai, C02, and C12, for the pair of plates (RP,

EP1), (RP, EP2), and (EP1, EP2), respectively. Due to symmetry, we have C01 = C02 . 

Furthermore, C12 << Cai, and therefore we can ignore the role of C12• When one of the fixed
electrodes, say EP1, is biased and the other (EP2) grounded, the electrostatic interaction is
mainly from the biased EP1 and the left half of RP. In this case, we are interested in the
capacitor C = C01 (Fig. 9). The capacitance can be approximated as follows. By slicing the
capacitor C1D1CD into small parallel-plate capacitors, we can approximate the capacitance
as the sum of the small capacitances. The dashed region in Fig. 9 shows a small parallel
plate capacitor element at a position x from the intersection point I; its length is dx and its
gap is tan(a)x "' ax. Note that it occurs in the case where d << l; therefore the
approximation tan( a) "' sin( a) "' a is justified, viz.,

ID 
ln-

"' EW ____]£
a 

ln(l - -1 
)

"'EW ID 
-a

1n(1-f-)
"'EW 0i 

-a

1n(1- _!_ a) 
"'EW d 

-a 
,

(22)

(23)

(24)

(25)

(26)

where Wis the width of the plates. In going from eq. (23) to eq. (24), we use IC= ID -l;
from eq. (24) to eq. (25), we approximate ID as /01 by assuming thatJD >>DO1, and from

d d . 1 eq. (25) to eq. (26), we approximate /01 as - -- "' -. By lettmg x = - - a, we can
tan(a) a d rewrite eq. (26) as:
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B 

I� 
C dx D 01 

Fig. 9. Capacitor formed by plates RP and EP1 in Fig. 8. Here, 01 = projection of pivot O on fixed 

electrode plane, AB= mirror plane, CD= left fixed electrode, C1D1 = projection of CD on mirror plane. 

ln(l + x) 
= Co----, 

X 

(27) 

(28) 

where Ca is the capacitance when a = 0. Equation (28) is still not quite suitable for 
simulation because it has an indeterminate form at x = 0. We need to resort to using Taylor-

. . . . . ln(l+x) .. x 
senes expans10n. There are two choices: either we expand (1) ---- or (n) ----, , x ln(l + x)

The latter is preferable because it is easier to deal with O than with oo when x approaches -1. 
1 

Therefore, we work on the - form: 
C 

1 } . 1 } 2 1 3 19 4 (n+I) 

_,,,_g(x) with g(x)=l+-x--x +-x --x +KO(x ) (29) 
C C

0 
' 2 12 24 720 

With the model equation for the capacitance C, we now obtain model equations for the 
torque r, under two operation modes: 

1 / 2 '( ) h ---q g x constant c arge 
2C

0 
d 

..!..c J_ V2 g'(x) constant voltage.
2 ° d g2(x) 

(30) 

To evaluate the validity of the above approximations for capacitance C and torquer, we 
employ numerical simulation for verification using the panel method.<13l 

6.2 Verification using the panel method
In the panel method, the planar surfaces of the mirror, fixed and landing electrodes are 

meshed into small panels. On each panel, the charge distribution is assumed constant. For 
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each pair of panels i and}, the contribution of the charge on panel} to the potential at panel 
i is collected as a coefficient pij of a large and dense matrix P. The vector charge q on the 
panels and the vector potential </J at the centers of the panels can be expressed via the matrix 
P as: 

</J=Pq. (31) 

If the potential </Jon the planar surfaces is specified, we can solve eq. (31) for the charge 
distribution q. Note that if an iterative method is used to solve eq. (31), the matrix-vector 
multiplication can be accelerated using multipole(14l or exponential expansion,05•16l which 
also requires no explicit storage for the matrix P. From the solution of eq. (31), we obtain 
the charge and torque profiles for each panel on the mirror and the associated capacitance 
and torque acting on the mirror. 

Figures lO(a) and lO(b) show typical charge and torque profiles on the mirror. The data 
for the mirror geometry is taken from ref. 8, in which 2[0 = 40 µm, W = 30 µm, d = 1.4 µm,

and l is chosen to be 18 µm. We can now compare the analytical approximation of C and 
r with the numerical simulation result. 

6.3 Analytical approximation vs numerical simulation 
Figure 11 shows the capacitance C as a function of the angle of rotation a obtained from 

using numerical simulation, the logarithm form, and a third-order polynomial approxima
tion (eq. (29)). Since the third-order approximation gives good agreement with the other 
two forms, it is chosen as the model equation for capacitance in the SPICE-simulation. 

Figure 12 shows the torque r as a function of the angle of rotation a also obtained from 
using numerical simulation, the logarithm form, a third-order and a seventh-order polyno
mial approximation. In contrast to the capacitance, the third-order approximation for the 
torque does not yield good agreement with the other forms. However, a seventh-order 
approximation yields good agreement with the simulation result. Thus, it is chosen as the 
model equation for torque in the SPICE simulation. 

6.4 SPICE simulation 

The model equations used in the SPICE simulation for capacitance and torque are 
summarized in Table 3. Figure 13 shows the angle of rotation as a function of the applied 
voltage obtained from the SPICE simulation. The data is in good agreement with values 
presented in ref. 8. For the SPICE simulations, we need to determine another important 
parameter: the torsion constant IC In the next section, we will describe a method to extract 
Kfrom the values of the measured critical pull-in voltage. 

6.5 Critical angles and critical voltages 
To determine the critical angle and critical voltage associated with pull-in, we need the 

following system of equations for a: 

r(a) = Ka 

dT(a) 
---= 1( 

aa 

(32)
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20 

20 

where ris given in eq. (30). The system in eqs. (32) can be solved by first eliminating K'to 

yield: 

a dr(a)
- r(a) = 0.

aa 
(33)
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Table 3 

Summary of model equations for C and -rused in SPICE simulations. 

Capacitance _l_= J...(1-!ia-2-(i)2 a2 -2x2-(i)3 a3 JC(a) C
0 

2 d 12 d .. 24 d 

Torque 
l l 2 ( 1 1 l 1 

( 
l 

)
2 

2 . 33953 
( 

l 
)

7 

7 
J -r(a)=---q -+--a+- - a +K +2x--- - a 

2C
0 

d 2 6 d 8 d 453600 d 

2--------------------� 

1.5 
s 
C 
0 

e 1 

0 
Cl) 

C) 
C 

<C 0.5 

2 4 6 8 10 
Applied voltage (V) 

12 14 

Fig. 13. SPICE simulation of rotation angle as a function of applied voltage. 

Expressing a in terms of x =_.!_a and using eq. (30), we can rewrite eq. (33) as: 
d 

{
xg"(x)- g'(x) = 0 constant charge 

x(g"(x)g(x)-2(g'(x))2 )- g'(x)g(x) = 0 constant voltage. (34) 

Solving eq. (34) for Xq and xv for constant charge and constant voltage operation modes, 
we obtain: 

Xq =-0.71

Xv
= -0.44.

(35) 
(36)
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The respective critical angles a
q 

and a, for constant charge and constant voltage 
operation modes are then 

(37) 

(38) 

Substituting the above values into eq. (30) and using the first equation of system (32), 
we obtain the following corresponding critical voltages: 

(39) 

(40) 

Because the maximum angle of rotation is a max = !!:_, the fraction of the angle whereby no 
11 . . . lo pu -m occurs 1s given as: 

a l rq =-q-=0.11..2... 
amax l 

(41) 

(42) 

Table 4 gives a summary of the above results. With these results, we can now analyze 
electrostatic pull-in in torsional electrostatic micromirrors. 

Table 4 
Summary of model equations for electrostatic pull-in in torsional microll1irrors under constant charge 
and constant voltage operation modes. 

Critical angle Critical voltage Angle fraction 

Constant charge d d
� r =�=0711_ (Xq=0.7ll vc.q = 1.34

1 c q (Xmax . l 
a 

Constant voltage d d
� r =�=0 441_ (X

v 
=0.44

1 vc.v = o.911 c V (Xmax • l
0 



456 Sensors and Materials, Vol. 10, No. 7 (1998) 

6.6 Analysis of electrostatic pull-in 
• Unlike the case of the vertically actuated parallel-plate capacitor, pull-in still occurs in

the torsional actuator even under a constant charge operation. The reason is that the torque 
ris not necessarily constant even when the charge q is constant due to the nonconstant term 

g'(x) in eq. (30). However, eqs. (37, 38) and (41, 42) suggest that for a given geometry Ua, 
l, d), the onset of pull-in can be delayed under a constant charge operation. Figure 14(a) 
shows the angle of rotation as a function of applied bias in constant charge and constant 
voltage operation modes. The critical angle under constant charge operation is larger than 
that of constant voltage operation, as predicted by eqs. (37, 38). 

• In contrast to the vertically actuated parallel-plate capacitor, we can eliminate pull-in
in a torsional actuator even under a constant voltage operation by changing its geometry. 
For both operation modes,this can be achieved by choosing l small enough so that the 
angle fraction r

q 
(or rv) in eq. (41) (or (42)) becomes 1. Figure 14(b) shows how angle 

fraction r
q 

can be increased towards 1 by increasing the ratio 1_. However, this involves a
l 

trade-off. A smaller value of l or a larger value of d increases the critical angles and 

decreases the initial capacitance Ca, resulting in an increase in the required applied voltage 
for the same angle of rotation. 

• Equations (39, 40) provide a method to extract the torsion constant IC. In fact, IC can be
expreii"sed in terms of the critical voltages Vc,q and the geometry d, l, Ca. It appears that IC 

should depend neither on l nor d; any relationship with l and d will be absorbed in the 
critical voltages Vc,q and Vc,v· Here for a given geometry, we can determined, l, C

0 
and by 

measuring the critical voltages Vc.q or Vc.v, we can then extract IC. In the result shown in Fig. 
13, we chose Ve

= 12.5 V, following which we retrieved the value of IC needed for SPICE 
simulations. 

7. Conclusion

We have presented a method for circuit synthesis of coupling elements using multivari
ate polynomial dependent sources. As illustrated, the method is effective in synthesis of 
equivalent circuits for electrothermal and electromechanical microsystems. The resulting 
circuits are simple and can be simulated using standard circuit simulators such as SPICE 
for system-level simulation, sensitivity analysis, and device optimization. Based on the 
model equation developed, we investigated electrostatic pull-in in torsional actuators from 
the point of view of constant charge and constant voltage operation modes along with the 
necessary model equation for extraction of the torsion constant. 
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Appendix A 

SPICE-code for electro-thermal resistor 

temperature as a function of input·voltage 

.OPTION POST=2 

.PARAM Alpha=3.7e-3 * Temperature coefficient 

.PARAM Ro=le4 * lOK ohm Independent resistor 

.PARAM InvRo=' 1/Ro' 

.PARAM Rth=le5 *lM ohm Thermal resistor for heat convection 

.P ARAM Cth= 1 e-4 * 100 uP Thermal capacitor 

.PARAM Tambient=300 *300 K Ambient temperature 

** Electric side

* Input voltage Vin is ofpulse form
* Independent resistor Ro
* Dependent voltage source (E2): V2=V12*Alpha*T

Vin 1 0 pulse(0 5 50 2 2 100 200 )
Rl 1 2 Ro
E2 2 0 poly(2) 1 2 3 0 0 0 0 0 Alpha

** Thermal side 

* Temperature is the voltage V(3)
* Dependent current source (03): l=Vin*V23/Ro

G3 0 3 poly(2) 1 0 1 2 0 0 0 0 InvRo
Cth 3 0 Cth IC=Tambient
Rth 3 4 Rth
Vt 4 0 Tambient

** Simulation starting at Os and ends at 400s with step l s  

* Recording input voltage V=v(l), temperature in C=v(3)-273,
.tran 1 400
.print tran vin=v(l) Temp=PAR('v(3)-273')
.end

AppendixB 

SPICE-code for circuit in Fig. 6 (const. voltage) 

.OPTION post=2 

.PARAM Rin=le3 
.PARAM Co=3.41e-12 *Co
.PARAM Gap=le-6 *d
.P ARAM SpringCoeff=2.4049e4 *k 
.PARAM SpringCap=' 1/SpringCoeff' 
.PARAM InvKD='-1/(Gap*SpringCoeff)' *1/kd

.PARAM CoOverGap='Co/(2*Gap)' 

.PARAM Mass=le-6 *m

.PARAM Damper=le-1 *b

** Electrical operation
* Dependent voltage source E3: V3=-V23*V6/kd (node 3 and 0)
Vin 10
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Rl 12 Rin 

C2 2 3 Co IC=0 
E3 3 0 poly(2) 2 3 6 0 0 0 0 0 InvKD 

** Mechanical operation: 
* Force: Dependent voltage source E4: V 4=Co/(2d)*V23"2
E4 4 0 poly(l) 2 3 0 0 CoOverGap
IA4 5 Mass

RS 5 6 Damper

C6 6 0 SpringCap IC=0

** DC-Analysis 
.de Vin 0 4 5  1 
.print de Gap= PAR('Gap-V (6)*Spr ingCap') 
.end 

Appendix C 

SPICE-code for circuit in Fig. 6 (const. charge) 
.OPTION post=2 
.PARAM Rin=le3 
.PARAM Co=3.4le-12 *Co
.PARAM Gap=le-6 *d

.P ARAM SpringCoeff=2.4049e4 * k

.P ARAM SpringCap=' 1/SpringCoeff' 

.PARAM InvKD='-1/(Gap*SpringCoeff)' *1/kd

.PARAM CoOverGap='Co/(2*Gap)' 

.PARAM Mass=le-6 *m

.PARAM Damper=le-1 *b

** Electrical operation 
* Dependent voltage source E3: V3=-V23*V6/kd (node 3 and 0)

* Constant charge is simulated by applying a voltage source across Co

Rl O 2 Rin

Vin 2 3
C2 2 3 Co IC=0
E3 3 0 poly(2) 2 3 6 0 0 0 0 0 InvKD

** Mechanical operation: 
* Force: Dependent voltage source E4: V4=Co/(2d)*V23"2

E4 4 0 poly(l )  2 3 0 0 CoOverGap

L4 4 5 Mass
R5 5 6 Damper
C6 6 0 SpringCap IC=0

** DC-Analysis 
.de Vin 0 118 1 
.print de Gap=PAR('Gap-V (6)*SpringCap') 

.end 

459 
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