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 A tape-shaped Ti–Ni shape memory alloy (SMA) element, which demonstrates superelastic 
behavior, shows negative stiffness during post-buckling deformation.  This characteristic is 
applied to a passive vibration-free system using a zero-stiffness structure.  However, the post-
buckling behavior (negative stiffness) of an SMA element can be varied by modifying its 
dimensions.  In this study, the effect of the thickness of a tape-shaped SMA element on its post-
buckling behavior is investigated by finite element method (FEM) analysis.  The magnitude 
of the negative stiffness increases with the thickness.  Furthermore, the rate of increase of the 
volume fraction of the martensitic phase before the start of buckling deformation increases 
with the thickness.  From these results, we conclude that the magnitude of negative stiffness 
during the post-buckling of a tape-shaped SMA element depends on the variation of the volume 
fraction of the martensitic phase during buckling deformation.

1. Introduction

 Shape memory alloys (SMAs) are well known as functional materials with the shape 
memory effect and superelasticity.  Since Ti–Ni-based SMAs show an excellent shape memory 
characteristic and good mechanical properties,(1–3) they are used in medical and industrial 
fields in, for example, energization actuators(4,5) and heat engines.(6,7)  The buckling/post-
buckling behavior of Ti–Ni SMA elements memorized to a straight shape has been investigated 
in the architectural field.  Rahman et al. reported the effect of the slenderness ratio (L/k) on 
the buckling/post-buckling behavior of Ti–Ni SMA columns.(8)  Pereiro-Barceló and Bonet 
proposed a new analytical model of the buckling/post-buckling behavior of Ni–Ti SMA bars.(9)  
These studies found that Ti–Ni SMA memorized to a straight shape shows negative or quasi-
zero stiffness during post-buckling deformation.  Since the deformation of SMA elements can 
be recovered during the unloading process by superelastic behavior, the negative or quasi-
zero stiffness characteristic can be used repeatedly.  Quasi-zero stiffness can be applied to a 
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force-limiting system.(10)  Furthermore, negative stiffness can be applied to a passive vibration 
isolator using negative stiffness, for example, a G-shaped beam isolator system.(11,12)  Therefore, 
we devised and fabricated a new passive vibration-free system using the post-buckling behavior 
of a tape-shaped Ti–Ni SMA element, as shown in Fig. 1.(13)  This passive vibration isolator 
is constructed from a structure with quasi-zero stiffness by combining a positive-stiffness 
material (for example, a normal spring) and a negative-stiffness material (a tape-shaped SMA).  
The fabricated passive vibration isolator shows superior vibration removal characteristics.(13)  
However, it requires a material with positive stiffness to offset the negative stiffness of the SMA 
element.  Thus, control of the magnitude of the negative stiffness of the SMA element during 
post-buckling deformation is necessary for the practical use of this passive vibration isolator 
system.  
 In previous studies, we investigated the effect of the transformation temperature and 
Young’s modulus on the post-buckling behavior of a tape-shaped SMA element by material 
testing and 3D finite element method (FEM) simulations.(14,15)  It was found that the magnitude 
of negative stiffness tends to have a maximum when the environmental temperature is near 
the Austenite finish temperature (Af), and the magnitude of negative stiffness increases 
with increasing difference between Young’s modulus and the tangential stiffness during the 
martensitic transformation.  However, the negative stiffness of the SMA element can be varied 
by modifying the dimensions of the SMA element.  In this study, the effect of the thickness of a 
tape-shaped SMA element on the post-buckling behavior is investigated by FEM analysis.

2. Materials and Methods

 Three-dimensional FEM simulations were conducted using ANSYS Workbench software 
to analyze the post-buckling behavior of a tape-shaped SMA element.  Figure 2 illustrates the 
3D model of the tape-shaped SMA element used in the software.  The length and width of the 

Fig. 1. Photograph and schematic drawing of the 
passive vibration-free system using the post-buckling 
behavior of a tape-shaped Ti–Ni SMA element.(13)

Fig. 2. Three-dimensional model of tape-shaped 
SMA element used in the software.
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model are 30 and 7.2 mm, respectively.  The size of one element in the x and z directions (length 
and width directions) is 0.5 mm, and seven elements are arranged in the y direction (thickness 
direction).  The goal of this study is to investigate the effect of thickness on the post-buckling 
behavior.  Therefore, the 3D FEM simulations are performed for SMA element thicknesses of 0.1, 
0.3, 0.5, 0.7, and 0.9 mm.  
 Figure 3 shows the process of analysis of the post-buckling behavior of the tape-shaped 
SMA element using the software.  In this study, we consider a four-step sequence during 
buckling deformation.  In step 1, a 10 N horizontal force is applied to the center of the material 
with 0.15 mm displacement of the upper end of the material to induce buckling (referred to as a 
buckling displacement).  In step 2, the horizontal force on the material center is removed.  The 
buckled form is maintained because the 0.15 mm buckling displacement is retained.  In step 3, 
the buckling displacement is increased from 0.15 to 3.0 mm.  Finally, the buckling displacement 
is removed in step 4.  In this study, the relationship between the buckling displacement at 
the upper end of the material and the reaction force of the bottom end during steps 3 and 4 
is investigated.  In addition, steps 1 and 2 are excluded from the analysis results because the 
horizontal force applied to the center of the material is a disturbance.  
 Figure 4 shows the stress–strain curve of the material model inputted in the software, and 
Fig. 5 shows the relationship between the reaction force and buckling displacement numerically 

Fig. 3. Process of analysis of post-buckling behavior of tape-shaped SMA element using the software.

Fig. 4. Simulated stress–strain curve of the material 
model used in the software.

Fig. 5. Relationship between reaction force and 
buckling displacement numerically obtained using the 
material model.
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obtained using the material model.  The martensite-induced stress (σM) is 300 MPa, and the 
Young’s modulus (E) and tangential stiffness during the martensitic transformation (EM) of this 
material model are 60 and 0 GPa, respectively.  According to Fig. 5, the negative stiffness of the 
SMA element during post-buckling deformation can be simulated by FEM software.

3. Results and Discussion

3.1 Simulation of mechanical characteristics

 Figure 6 shows the numerically obtained relationship between the reaction force and 
buckling displacement of the tape-shaped SMA element for each thickness.  Each numerical 
result shows negative stiffness during post-buckling deformation.  In addition, the negative 
tangential stiffness (the absolute value of the stiffness) of the SMA elements appears to increase 
with increasing thickness.  However, it is difficult to distinguish whether this tendency is due 
to the effect of the increased thickness or the increased buckling stress.  Thus, the force is 
normalized with the buckling stress.  
 Figure 7 shows the numerically obtained relationship between the normalized reaction 
force and buckling displacement of the tape-shaped SMA element for each thickness, and 
Fig. 8 shows the relationship between the buckling displacement and tangential stiffness of 
the SMA element for each thickness.  The tangential stiffness of the specimen with 0.1 mm 
thickness is positive as the buckling displacement increases to 2 mm, above which it is negative.  
Other specimens show negative stiffness in the whole range of the buckling displacement.  
Furthermore, the tangential stiffness tends to converge to nearly zero with increasing buckling 
displacement.  During buckling deformation, it is the bending stress that is most affected by the 
thickness variation.  In addition, it is well known that an SMA transforms to the martensitic 
phase when the applied stress reaches σM, as shown in Fig. 4.  Thus, we infer that the negative 
stiffness of the SMA element is caused by the variation of the bending stiffness in the specimen 
during post-buckling deformation, and the main factor causing the bending stiffness variation is 

Fig. 6. Numerically obtained relationship between reaction force and buckling displacement of tape-shaped SMA 
element for each thickness.
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thought to be the martensitic transformation (the variation of Young’s modulus due to the phase 
transformation).  Therefore, the variation of the volume fraction of the martensitic phase during 
post-buckling deformation was calculated.  

3.2 Simulation of volume fraction of martensitic phase 

 Figure 9 shows the numerically obtained relationship between the buckling displacement 
and the volume fraction of the martensitic phase.  In this study, the volume fraction of the 
martensitic phase is defined as the percentage of node points with strain of more than 0.5%.  In 
the case of 0.1 mm thickness, the volume fraction of the martensitic phase is almost zero as the 
buckling displacement increases to 2 mm, above which it increases.  Meanwhile, the volume 
fraction of the martensitic phase of the other specimens increases abruptly up to a buckling 
displacement of 1 mm, above which it increases gradually.  Furthermore, the increase in the 
volume fraction of the martensitic phase appears to saturate above a buckling displacement of 
2 mm.  These tendencies are in very good agreement with the relationship between buckling 
displacement and tangential stiffness shown in Fig. 8.  From these results, we infer that the 
increase in the rate of increase of the volume fraction of the martensitic phase leads to the 
increase in the negative tangential stiffness of the SMA element.  Therefore, we calculated the 
thickness dependences of the tangential stiffness and the rate of increase of the volume fraction 
of the martensitic phase when the buckling distance was 0.5 mm.  The results are shown in 
Fig. 10.  To help us understand the results, the tangential stiffnesses in this figure are absolute 
values, and the result for the 0.1-mm-thick specimen is eliminated because this specimen does 
not show negative stiffness when the buckling distance is 0.5 mm.  The tangential stiffness 
tends to increase with the rate of increase of the volume fraction of the martensitic phase.
 From this result, we consider that the tangential stiffness of the SMA element during post-
buckling deformation depends on the rate of increase of the volume fraction of the martensitic 
phase during buckling deformation.  In other words, the variation of the post-buckling behavior 

Fig. 7. Numerically obtained relationship between 
normalized reaction force and buckling displacement 
of tape-shaped SMA element for each thickness.

Fig. 8. Relationship between buckling displacement 
and tangential stiffness of SMA element for each 
thickness.
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with the thickness seems to be caused by the variation of the volume fraction of the martensitic 
phase induced by the fluctuation of the applied stress during post-buckling deformation.

3.3 Validation analysis

 In a previous study, we concluded that the magnitude of the negative stiffness of an SMA 
element depends on the difference between Young’s modulus and the tangential stiffness during 
the martensitic transformation.(15)  In this study, we consider that the tangential stiffness of the 
SMA element during post-buckling deformation depends on the variation of the volume fraction 
of the martensitic phase during buckling deformation.  If the results of the previous study 
and this study are correct, we can then propose the following.  For a fixed difference between 
Young’s modulus (E) and the tangential stiffness during martensitic transformation (EM), the 
variation of the volume fraction of the martensitic phase during post-buckling deformation 
should be the same.  Therefore, we investigated the variation of the volume fraction of the 
martensitic phase during post-buckling deformation for various stress–strain curves with the 
same difference between E and EM by numerical analysis.  
 Figure 11 shows the relationship between the reaction force and buckling displacement of 
a tape-shaped SMA element with a constant difference between E and EM of 30 GPa and an 
element thickness of 0.43 mm.  Figure 12 shows the relationship between the volume fraction 
of the martensitic phase during post-buckling deformation and the buckling displacement of the 
tape-shaped SMA element with a constant difference between E and EM.  According to Fig. 12, 
the variation of the volume fraction of the martensitic phase during post-buckling deformation 
is approximately constant when the difference between E and EM is constant.  From these 
results, we conclude that the magnitude of the negative stiffness during the post-buckling of a 
tape-shaped SMA element depends on the variation of the volume fraction of the martensitic 
phase during buckling deformation.

Fig. 9. Numerically obtained relationship between 
buckling displacement and volume fraction of 
martensitic phase.

Fig. 10. Numer ical results showing th ickness 
dependences of the tangential stiffness and the rate 
of increase of the volume fraction of the martensitic 
phase when the buckling distance is 0.5 mm.
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4. Conclusions

 For the purpose of developing a passive vibration-free system using the post-buckling 
behavior of an SMA element, the effect of the thickness on the post-buckling behavior of a tape-
shaped SMA element was investigated by FEM analysis.  The obtained results are summarized 
as follows:
(i) The magnitude of the negative stiffness (absolute value of negative tangential stiffness) 

during post-buckling deformation of the SMA element tends to increase with the thickness 
(decreasing slenderness ratio).  In addition, the tangential stiffness tends to converge to 
nearly zero with increasing buckling displacement.

(ii) The volume fraction of the martensitic phase increases abruptly during the range that shows 
the negative stiffness.  In addition, the increase in the volume fraction of the martensitic 
phase saturates as the tangential stiffness converges to nearly zero with increasing buckling 
displacement.

(iii) As a result, we consider that the tangential stiffness of an SMA element during post-
buckling deformation depends on the increase in the volume fraction of the martensitic 
phase during buckling deformation.  By numerical analysis, we found that the negative 
tangential stiffness tends to increase with the rate of increase of the volume fraction of 
the martensitic phase during post-buckling deformation, and the increase in the volume 
fraction of the martensitic phase during buckling deformation is almost constant when the 
post-buckling characteristic is almost constant.

(iv) From these results, we conclude that the magnitude of negative stiffness during the post-
buckling of a tape-shaped SMA element depends on the variation of the volume fraction 
of the martensitic phase during buckling deformation.  Moreover, the variation of the post-
buckling behavior with the thickness is caused by the variation of the volume fraction 

Fig. 11. Relationship between reaction force and 
buckling displacement of tape-shaped SMA element 
with constant difference between E and EM.

Fig. 12. Relationship between volume fraction of 
martensitic phase during post-buckling deformation 
and buckling displacement of tape-shaped SMA 
element with constant difference between E and EM.
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of the martensitic phase due to the fluctuation of the applied stress during post-buckling 
deformation.
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