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 The fish-eye lens camera has the advantage of efficient acquisition of image data through 
a wide field of view.  However, unlike the perspective projection camera, a strong geometric 
distortion effect appears in the image.  Such characteristics must be precisely analyzed 
through self-calibration to determine the interior characteristics of the camera.  The reliability 
of the derived camera parameters is highly affected by the correlation between orientation 
parameters.  However, a detailed analysis of the correlation between the orientation parameters 
of the fish-eye lens is insufficient.  In this research, we compared the correlation tendency 
while considering different types of test beds and projection models.  As the shape of the test 
bed changed, the correlation of the perspective projection and fish-eye lens cameras showed a 
distinctly different tendency.  On the basis of the results of correlation analysis, guidelines for 
acquiring reliable interior orientation parameters (IOPs) and exterior orientation parameters (EOPs) 
of a camera were provided.

1. Introduction

1.1 Background 

 Owing to its characteristics, the fish-eye lens camera has been widely used for indoor and 
outdoor location-based services, virtual reality (VR), 3D modelling, leisure sports, and robotics.  
Marković et al. and Caruso et al. used a fish-eye lens camera for mobile robot implementation, 
and Sánchez et al. used it for urban navigation.(1–3)  Sreedhar et al. built a system for virtual 
reality applications using fish-eye lens cameras.(4)  Schöps et al. used such cameras to produce 
a three-dimensional model for a large area.(5)  Campos et al. built a backpack-mounted fish-
eye lens camera system and used it for forest mapping.(6)  Kühling built an advanced driving 
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assistance system using multiple fish-eye lens cameras.(7) Although a fish-eye lens camera 
has a wide viewing angle, it has the disadvantage of strong geometric distortion in the image.  
Therefore, the process of determining the interior orientation parameters (IOPs) of the camera 
must be implemented to correct the image distortion.(8,9)  The relevant previous studies can be 
categorized mostly into two trends: (1) the verification of each projection model of the fish-eye 
lens(10,11) and (2) comparisons between the projection models and the possibility of substituting 
a projection model.(9,12,13)  Some of the previous studies found a correlation between IOPs and 
exterior orientation parameters (EOPs), which has rarely been analyzed in detail.(9,12,14)

 The correlation between the camera’s orientation parameters is a very important indicator of 
calibration accuracy, because it has a very large impact on the reliability of the parameters.  A 
high correlation between the orientation parameters significantly decreases the reliability of the 
calibration result.
 For a perspective projection model camera, a method of reducing the correlation between 
parameters has been proposed in various papers.(15–17)  However, a detailed analysis of the 
correlation between the camera orientation parameters of the fish-eye lens is insufficient.  Since 
the fish-eye lens camera differs from the conventional camera in the projection model equation, 
the way in which the correlation occurs may also differ, which can have a significant impact on 
the parameter reliability of the fish-eye lens camera.  

1.2 Purpose and scope of research

 The purposes of this research are (1) to analyze the tendency of parameter correlation 
according to different camera types, test bed rotation angles, and test bed types, and (2) to 
provide guidelines for acquiring reliable IOPs and EOPs of a camera.
 In this paper, we consider five projection models, one of which is a perspective projection 
model and the other four being representative projection models of the fish-eye lens camera 
(i.e., equidistant, equisolid-angle, orthogonal, and stereographic projection models).(18–21) 
Various experiments considering different test bed rotation angles and test bed types are 
carried out; then, the reliability of the derived camera parameters is evaluated on the basis 
of the results of correlation analysis.  In this research, we utilized simulated datasets while 
considering the systematic and stochastic models that have been well-established and verified 
in the photogrammetric community.  At this stage, the simulation might be very useful in 
such situations handling numerous cases with different camera types, test bed rotation angles, 
and test bed types.  Moreover, since the simulation is carried out after setting all the involved 
variables, the derived camera parameters can be directly compared and analyzed with the preset 
values; such comparison is almost impossible in the case of real data.  
 The research contents of this paper start from Sect. 2 with the description of projection 
and lens distortion models of fish-eye lens cameras.  In Sect. 3, we explain how to design an 
experiment for correlation analysis.  In Sect. 4, we analyze the results of correlation analysis 
and provide guidelines for image acquisition with low correlations.  Finally, conclusions and an 
upcoming work are discussed in Sect. 5.
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2. Mathematical Model of Camera

 The image recording of an optical camera can be mathematically expressed using projection 
and lens distortion models.(22)  The projection models can be divided into perspective and fish-
eye lens projection models for normal and fish-eye lens cameras, respectively.  Moreover, the 
fish-eye lens projections can be divided into four different models (i.e., equidistant, equisolid-
angle, orthogonal, and stereographic projection models).  The lens distortion model, which 
explains the distortion caused by the camera lens, is used in both the perspective projection 
camera and the fish-eye lens camera.  

2.1 Projection models

 The mathematical relationship between the object space and the image space can be 
described using the projection models as shown in Eqs. (1)–(8),(14) where M is the rotation 
matrix between the ground and camera coordinate systems.  (X, Y, Z) are the coordinates of 
the object point and (X0, Y0, Z0, ω, φ, κ) are the EOPs of a camera.  f is the focal length, θ is the 
incident angle of the object point, and r is the distance from the principal point to the image 
point.  (xp, yp) are the coordinates of the principal point.  
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2.2 Lens distortion model

 Lens distortions are calculated using Eqs. (9)–(13),(23) where Δx and Δy are the distortions 
of the image coordinates x and y, respectively, and K1, K2, K3, P1, P2, A1, and A2 are distortion 
parameters.  r in Eqs. (2)–(6) can be rewritten as the distance between the image coordinates (x, y) 
and the principal point coordinates (xp, yp) as described in Eq. (13).  Equations (14) and (15) are 
the final mathematical models of an optical camera.  The final coordinates of the image point 
are composed of projection [Eqs. (7) and (8)] and lens distortion [Eqs. (9) and (10)] models.

 2 4 6 2 2
1 2 3 1 2 1 2( ) ( 2 ) 2x x K r K r K r P r x P x y A x A y∆ = + + + + + + +  (9)

 2 4 6 2 2
1 2 3 1 2( ) 2 ( 2 )y y K r K r K r P x y P r y∆ = + + + + +  (10)

 px x x= −  (11)

 py y y= −  (12)

 2 2r x y= +  (13)

 2 2p
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U V
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+
 (14)

 2 2p
ry y V y

U V
∆= − +

+
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3. Correlation Analysis Design

 Experiments were performed to determine the correlation tendency between orientation 
parameters according to the relative position between the camera and the test bed and the type 
of test bed.  The correlations that were the subject of the analysis are xp–X0, yp–Y0, xp–Y0, 
yp–X0, and f–Z0.  The experiments were carried out in the following order.  First, simulation 
image points were calculated using previously determined virtual IOPs, EOPs, and object points 
in a test bed.  Next, the true values of all the variables except for the two orientation parameters 
(to examine the correlation) were substituted into Eqs. (14) and (15).  Finally, when one value of 
the orientation parameter was changed, the values of the other orientation parameters satisfying 
Eqs. (14) and (15) were calculated, and the correlation between the two orientation parameters 
was calculated.
 The IOPs, specifications, and EOPs of the camera used in the simulation were set as shown 
in Tables 1 and 2.  The focal lengths were set to 2.5 and 5.0 mm, xp, yp, and the distortion 
parameters were all set to zero, the pixel size was set to 0.0035 mm, and the image size was set 
to 3000 × 2400 as shown in Table 1.  The values in Table 1 were based on a Sunnex DSL315 
fish-eye lens camera and modified for this research.  The EOPs of the camera were all set to 
zero, except for κ, as shown in Table 2, and to 0 or 90° for κ.
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 The test bed was set up by two methods: (1) plane-type test bed rotation and (2) test bed 
type change.  First, “correlation analysis when rotating a plane-type test bed” was performed, 
because many conventional studies have used a plane-type test bed for camera self-calibration.(21,24)

 Next, “correlation analysis when the type of test bed was changed” was performed to reflect 
previous studies using some types of test beds installed on artifacts such as inside or outside 
the walls of a building.(9,20)  In this paper, the geometry of the above-mentioned artifacts was 
interpreted as consisting of a plane and concave and convex corners.  Therefore, three types of 
test beds, namely, the plane, A (concave corner), and V (convex corner) types, were used for the 
analysis.
 Table 3 shows the test bed configuration for the plane-type test bed rotation.  The red “circle 
arrow” in the table denotes the position and direction of the camera, and α is the rotation angle 
of the test bed.  The size of the plane-type test bed was set to 4 × 3 m2 (width × height) and α 
was changed from −45 to 45° by 1° intervals.
 Table 4 shows the test bed settings for the test bed type change.  The test bed type was 
adjusted by changing the angle β between the two planes from 90 to 270°.  The test bed was 
of the V type when β was less than 180°, of the plane type when β was 180°, and of the A type 
when α was greater than 180°.  The size of the plane-type test bed was the same as that of the 
case of “the plane-type test bed rotation”, and the A- or V-type test bed consisted of two planes 
set to 2 × 3 m2.

Table 2
EOPs of camera.

X0 (m) Y0 (m) Z0 (m) ω (°) φ (°) κ (°)
0 0 0 0 0 0/90

Table 1 
IOPs and specifications of camera in correlation analysis.

IOP f (mm) xp (mm) yp (mm) Distortion parameter
K1 K2 K3 P1 P2 A1 A2

2.5/5.0 0 0 0 0 0 0 0 0 0

Camera specification Pixel size (mm) Image size (pixel)
x y

0.0035 3000 2400

Table 3
(Color online) Test bed configuration for plane-type 
test bed rotation.
Relative location between 

test bed and camera
Test bed rotation angle 

setting (top view)

₋45° ≤ α ≤ 45°
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Table 5
(Color online) Test bed location setting.

X– (m) Y– (m) d = |Z
–
| (m)

0 0
2
3
4

Table 4 
(Color online) Test bed configuration for test bed type change.

Relative location
between test bed and camera

Test bed type (top view)
V Plane A

90° ≤ β < 180° β = 180° 180° < β ≤ 270°

 The location of the test bed was set as shown in Table 5, where X, Y, and Z are the mean 
values   of the coordinates X, Y, and Z (i.e., object points) on the test bed, respectively.  In this 
research, we set X and Y, to 0 so that the camera looks at the centroid of the test bed and d (the 
absolute value of Z) changes to 2, 3, and 4 m.

4. Results of Correlation Analysis

 A comprehensive analysis of the correlations between the orientation parameters was 
performed on the basis of the results of various experiments.  Different cases of correlation 
analysis between the orientation parameters were considered, as shown in Table 6, according to 
the combination of orientation parameters, test bed variation methods (i.e., test bed rotation, and 
test bed type change), and EOP k.  Since the correlation between f and Z0 is not affected by κ, it 
is expressed as one case for each test bed setting method.  
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 All the cases in Table 6 were divided into four categories on the basis of the similarity of 
the results.  The two categories being highlighted in yellow and green are the cases of the test 
bed rotation, and the other two categories in grey and blue are the cases of the type of test bed 
change.
 In terms of the structure of the paper, Sect. 4.1 deals with the results of correlation analyses 
for test bed rotations.  In Sect. 4.2, we show the results of correlation analyses for test bed 
changes.  One should also note that all the experiments described in Sects. 4.1 to 4.2 use a focal 
length of 2.5 mm.  The effect of focal length change on the correlation is discussed in Sect. 
4.3 while comparing the results from focal lengths of 2.5 and 5.0 mm.  Finally, in Sect. 4.4, we 
discuss the results of comprehensive analysis on the basis of the findings described in Sects. 4.1 
to 4.3.

4.1 Correlation for test bed rotation

 In this section, we show how the correlations between orientation parameters behaved when 
the relative location between the camera and the test bed changed.  Moreover, the correlation 
differences between the perspective and fish-eye lens projections were confirmed.  The results 
of correlation analyses for the categories in yellow (as seen in Table 6) are shown in Figs. 1 and 2.  
On the other hand, those of correlation analyses for the categories in green are shown in Figs. 3 
and 4.  
 More specifically, Fig. 1 shows the correlations of xp–X0 (κ = 0°), yp–Y0 (κ = 0°), yp–X0 (κ = 
90°), xp–Y0 (κ = 90°), and f–Z0 (Cases 1, 4, 6, 7, and 17 in Table 6).  Regardless of the projection 
models, the similarities in the correlation changes observed in the figure were as follows.  
First, the correlation between IOPs and EOPs is highest when the camera looks at the test bed 
orthogonally (when α = 0˚), and the correlation decreases when the camera looks at the test bed 
obliquely.  Next, the correlation between the orientation parameters shows a lower value as the 
distance (d) between the test bed and the camera decreases.
 The characteristics of the correlation tendency according to the projection model are as 
follows.  First, the fish-eye lens camera, compared with the perspective projection camera, has 
a smaller change in correlation coefficient when the camera looks at the test bed obliquely.  
Next, the level of correlation change is in the order of perspective, stereographic, equidistant, 
equisolid-angle, and orthogonal projections.

Table 6
(Color online) Considered experiments for correlation analysis.

Orientation parameter combination Test bed rotation Test bed type change
κ = 0° κ = 90° κ = 0° κ = 90°

xp–X0 Case 1 Case 5 Case 9 Case 13
yp–X0 Case 2 Case 6 Case 10 Case 14
xp–Y0 Case 3 Case 7 Case 11 Case 15
yp–Y0 Case 4 Case 8 Case 12 Case 16
f–Z0 Case 17 Case 18
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 Figure 2 shows the standard deviations of partial derivatives of mathematical models (i.e., 
Eqs. 14 and 15) in Cases 1, 4, 6, 7, and 17.  The partial derivative shows the strength of the 
linear relationship between the parameters in question.  As long as we deal with all the object 
points shown in an image, the dispersion of partial derivatives (i.e., standard deviation of partial 
derivatives) should be considered instead of one partial derivative.  The low standard deviation 
of partial derivatives leads to a strong correlation between the parameters in question.  Also, 
vice versa, a high standard deviation leads to a weak correlation between the parameters.  For 
example, the high standard deviation of partial derivatives means that the partial derivatives 
for all the points in an image are mostly different from each other; hence, the two orientation 
parameters in question do not have a strong linear relationship (i.e., correlation).  Figures 1 and 
2 show such an inversely proportional relationship.  
 Figure 3 shows the correlations of xp–Y0 (κ = 0°), yp–X0 (κ = 0°), xp–X0 (κ = 90°), and yp–
Y0 (κ = 90°) (Cases 2, 3, 5, and 8 in Table 6) for test bed rotation.  As can be seen in the figure, 
all the correlation values for five different projection models are very close to zero.  This can be 
explained from the fact that the corresponding partial derivative is zero or very close to zero (Fig. 
4), which means that the relevant parameters do not affect each other.  

4.2 Correlation for test bed type change

 The correlations between orientation parameters were analyzed while changing the test bed 
type in this section.  The perspective and fish-eye lens projection models showed a significantly 
different correlation tendency compared with the cases of test bed rotation.  
 The experimental results for the first category including Cases 9, 12, 14, 15, and 18 in 
Table 6 are shown in Figs. 5 and 6.  Figure 5 shows the correlations of xp–X0 (κ = 0°), yp–Y0 

Fig. 2. (Color online) Standard deviations of partial 
derivatives for test bed rotation (Cases 1, 4, 6, 7, 
and 17; 2.5 mm focal length): (a) perspective, (b) 
equidistant, (c) equisolid-angle, (d) orthogonal, and (e) 
stereographic projection models.

Fig. 1. (Color on l ine) Cor relat ions bet ween 
orientation parameters for test bed rotation (Cases 1, 4, 
6, 7, and 17; 2.5 mm focal length): (a) perspective, (b) 
equidistant, (c) equisolid-angle, (d) orthogonal, and (e) 
stereographic projection models.
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(κ = 0°), yp–X0 (κ = 90°), xp–Y0 (κ = 90°), and f–Z0.  The x-axis indicates the angle between 
the two planes constituting the test bed (as shown in Table 4), and the y-axis indicates the 
correlation between the orientation parameters.  The most notable feature shown in Fig. 5 is 
that the correlation tendencies of the perspective and fish-eye lens projections are significantly 
different.  Recall that this research considers three different types of test beds: V (90° ≤ β < 
180°), plane (β = 180°), and A (180° < β ≤ 270°) types.  The perspective projection showed the 

Fig. 4. (Color online) Standard deviations of partial 
derivatives for test bed rotation (Cases 2, 3, 5, and 8; 2.5 
mm focal length): (a) perspective, (b) equidistant, (c) 
equisolid-angle, (d) orthogonal, and (e) stereographic 
projection models.

Fig. 6. (Color online) Standard deviations of partial 
derivatives for test bed type change (Cases 9, 12, 14, 
15, and 18; 2.5 mm focal length): (a) perspective, (b) 
equidistant, (c) equisolid-angle, (d) orthogonal, and (e) 
stereographic projection models.

Fig. 3. (Color on l ine) Cor relat ions bet ween 
orientation parameters for test bed rotation (Cases 2, 
3, 5, and 8; 2.5 mm focal length): (a) perspective, (b) 
equidistant, (c) equisolid-angle, (d) orthogonal, and (e) 
stereographic projection models.

Fig. 5. (Color on l ine) Cor relat ions bet ween 
orientation parameters for test bed type change 
(Cases 9, 12, 14, 15, and 18; 2.5 mm focal length): (a) 
perspective, (b) equidistant, (c) equisolid-angle, (d) 
orthogonal, and (e) stereographic projection models.
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highest correlation in the plane-type test bed and similar correlations in the A- and V-type test 
beds.  On the other hand, the fish-eye lens projection generally showed a higher correlation in 
the order test bed of V-, plane-, and A-type test beds.  As the distance d between the test bed 
and the camera increases, the correlation between the orientation parameters tends to increase.  
Also, the larger the standard deviation of the partial derivatives, the lower the correlation (Fig. 6).
 The second category, including Cases 10, 11, 13, and 16, showed correlation values close to 
zero (similarly to Fig. 3).  The standard deviations of partial derivatives for the second category 
were also very close to zero (similarly to Fig. 4).  Hence, the figures in these cases were not 
included in this paper.  Such tendency means that there is no correlation between the relevant 
orientation parameters.

4.3	 Effect	of	focal	length	change	on	the	correlation	

 In this section, additional experiments with a focal length of 5.0 mm were carried out and 
the results of these experiments were compared with those shown in Sects. 4.1 and 4.2.  The 
results of the analyses of the cases in yellow (Cases 1, 4, 6, 7, and 17) and grey (Cases 9, 12, 14, 
15, and 18) are shown in Figs. 7 and 8, respectively.  Figure 7 shows the correlations of xp–X0 (κ 
= 0°), yp–Y0 (κ = 0°), yp–X0 (κ = 90°), xp–Y0 (κ = 90°), and f–Z0 (Cases 1, 4, 6, 7, and 17 in Table 
6).  Figure 8 shows the correlations of xp–X0 (κ = 0°), yp–Y0 (κ = 0°), yp–X0 (κ = 90°), xp–Y0 (κ = 
90°), and f–Z0 (Cases 9, 12, 14, 15, and 18 in Table 6).  By comparing Figs. 1 and 7, and Figs. 3 
and 8, we confirmed that the overall tendencies of the correlations do not significantly change.  
Hence, the focal length change does not affect the correlation of camera orientation parameters.

Fig. 8. (Color on l ine) Cor relat ions bet ween 
orientation parameters for test bed type change 
(Cases 9, 12, 14, 15, and 18; 5.0 mm focal length): (a) 
perspective, (b) equidistant, (c) equisolid-angle, (d) 
orthogonal, and (e) stereographic projection models.

Fig. 7. (Color on l ine) Cor relat ions bet ween 
orientation parameters for test bed rotation (Cases 1, 4, 
6, 7, and 17; 5.0 mm focal length): (a) perspective, (b) 
equidistant, (c) equisolid-angle, (d) orthogonal, and (e) 
stereographic projection models.
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 The correlations of the green (Cases 2, 3, 5, and 8) and blue (Cases 10, 11, 13, and 16) cases 
were very close to zero, the same as that observed in Figs. 3 and 4 shown in Sect. 4.1.  In other 
words, we do not see any correlation between the relevant orientation parameters.

4.4 Comprehensive analysis of correlation between orientation parameters

 The correlation analysis could be divided into two parts: (i) analysis supporting the results of 
previous studies (based on a perspective projection camera), and (ii) correlation characteristics 
between orientation parameters observed through this research.  
 First, the correlation analysis supporting the results of existing studies is as follows.
1. When using a plane-type test bed, it is advantageous to resolve the correlation by 

photographing the test bed plane in an oblique direction.
2. When κ is 0°, the correlations of xp–Y0 and yp–X0 are close to 0, and when κ is 90°, the 

correlations of xp–X0 and yp–Y0 are close to 0.
 Next, the characteristics of the correlations between the orientation parameters identified 
through this paper are as follows.
3. Perspective and fish-eye lens projection cameras show different correlations depending on 

the type of test bed and the camera shooting method.  It is relatively advantageous to use a 
V-type or plane-type test bed in an oblique direction to resolve the correlation between the 
orientation parameters of the fish-eye lens.  On the other hand, in the A-type test bed, the 
correlation between the camera orientation parameters of the fish-eye lens is very high.  

4. The correlation of f–Z0 is not affected by κ, unlike the correlations of xp–X0, yp–Y0, xp–Y0, 
and yp–X0.

5. If the test bed, photographing angle, and number of object points are the same, the closer 
the distance between the camera and the test bed, the lower the correlation between the 
orientation parameters.

6. All the cases of correlation analysis dealt in this paper are not affected by focal length 
change.  In other words, the above-mentioned correlation analyses (1–5) are valid for 
cameras with different focal lengths.

 On the basis of the above-mentioned correlation analyses, the following factors should be 
considered in order to lower the correlation between the orientation parameters of the fish-eye 
lens camera.

• When all images with κ = 0 and 90° are used for self-calibration, the correlations of xp–X0, 
yp–Y0, xp–Y0, and yp–X0 can be eliminated at the same time (2).

• It is advantageous to use a V-type test bed to lower the correlation between the IOPs and 
EOPs of a fish-eye lens camera (1 and 3).  

• The correlation of f–Z0 cannot be adjusted through the setting of κ (4).  Therefore, to resolve 
the correlation of f–Z0, the type of test bed and the relative position between the test bed and 
the camera must be handled with care (1, 3, and 5).
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5. Conclusions

 This study was conducted to show the (i) analyses of correlation trends depending on the test 
bed type and the relative location of the test bed, and (ii) guidelines for acquiring reliable IOPs 
and EOPs of a camera.  
 It was confirmed that the correlation between the orientation parameters of each projection 
model varies according to the test bed type and the relative locations of the test bed and camera.  
The tendency of the correlation showed a large difference between the perspective projection 
and the fish-eye projection.  In particular, the perspective projection showed the same level of 
correlation in the A- and V-type test beds, but the correlation of the fish-eye projection models 
showed a tendency to increase in the order of V, plane, and A types.  In other words, the V-type 
test bed is advantageous in resolving the correlation of camera parameters.  However, it does not 
effectively provide well-distributed points in the images to resolve camera lens distortion owing 
to the shape of the test bed.
 In contrast, the A-type test bed provides a high correlation problem; however, a sufficient 
number of object points appeared and are well-distributed in the images.  In this regard, a new 
type of test bed (e.g., a combination of V- and A-type test beds) designed to achieve reliable 
orientation and distortion parameters will be discussed in future work.  
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